Abstract
INTRODUCTION
Flat reinforced concrete slabs are widely used in practice. Common failure of such slabs is by punching of the supporting column through the slab. Such failure is a result of the combined *Present address: Department of Civil Engineering, 417 Snell Engineering Center, Northeastern University, Boston, MA 02115, USA.
effects of shear and bending stresses (i.e. normal stresses), 1 and is distinctly brittle. 2 The usual sequence of events leading to punching failure can be divided into four basic stages?
(1) flexural and shear cracks initiate at the tension surface of the slab, in the region near the column face; (2) yielding of tension reinforcement occurs close to the column face; (3) flexural and shear cracks extend towards the compression face of the slab; (4) punching failure occurs before yielding of the tension reinforcement extends a depth, d, away from the column face, where d is the depth between the compressed slab face and tensile reinforcement.
The resulting failure surface is usually in the shape of a truncated pyramid or cone, with the average angle between the failure surface and the horizontal plane typically about 25-30 ° (Ref. 4) . The ultimate load at the punching failure can be increased by the addition of 'shearheads', 5 'shear' reinforcement '6 or 'stud-shear' reinforcement. 7 Experimental results reported by Ghali et al. l show that the ultimate load can also be increased by vertical prestressing of the slab in the region close to the column face. An additional beneficial effect of such prestressing is an increase in the slab's ductility.
Even though a large pool of information exists concerning the general behavior of two-way flat 131 Cement & Concrete Composites 0958-9465/93/$6.00 © 1993 Elsevier Science Publishers Ltd, England. Printed in Great Britain slabs, the mechanism of their ultimate behavior is still not well understood. Most existing codes and current practices determine a slab's capacity in punching using the so called nominal shear stress/ The nominal shear stress is obtained by dividing the shear force in the critical section by the area of concrete between the slab's compressive face and tensile reinforcement (i.e. 'width' x depth). Problems with such approach are as follows:
(1) the nominal shear stress does not give a good insight into the actual shear stress and its distribution in the critical section; (2) the nominal shear stress is very sensitive to the location of the critical section; 9 (3) the approach treats separately shear stress from the stress induced by bending moments, even though the punching failure is a result of the combined effect of normal and shear stresses; ~ and (4) the area of the critical section is calculated based on the depth of the tension reinforcement, d, instead of the thickness of the compression zone (i.e. the cracked zone between the neutral axis and the tension reinforcement is included in the area of the critical section).
In recent years, different authors have shown that punching failure is not related to the nominal shear stress (i.e. related to the section between the compression face and tensile reinforcement), but is related to the failure of material within the compression zone. However, the failure mechanism of the material within the compression zone is not yet well understood.
Mastreson and Long 3 assumed that the failure is caused by the rupture of the reduced compression zone. Reagan and Braestrup "~ noted that in the region near the column face the strain gradient becomes extremely steep during the ultimate loading stages. Using a truss analogy Alexander and Simmonds 4 described punching failure as the failure of the slab to confine concrete compression forces in a direction out of the plane of the slab. Criswell and Hawkins 9 concluded that the flexural and shear strength of a slab are significantly affected by the level of restraint provided to the critical area by the surrounding, non-yielding portion of the structure. Broms ~ assumed in his model that the failure occurs when the compression zone of the slab in the vicinity of the column is distressed by either a high radial compression stress or by a high tangential compression strain. The predicted values of the ultimate load coincided well with the experimental data. Broms' mathematical model was based on a model previously developed by Kinnunen and Nylander. ~2 Lovrovich and McLean ~3 tested 10 axisymmetric slabs with different span-depth ratios. They hypothesized that a tied-arch mechanism, similar to the one observed in deep beams, may have developed during punching failure. None of the researches analyzed the effect of the vertical prestressing on the punching failure, which increases strength and ductility of a slab. ~ Thus, understanding of the effect of vertical prestressing on the failure mechanism would help us to further improve slab's ultimate behavior.
Gonzales-Vidosa et al. ~4 investigated punching failure by using a non-linear finite element package, and concluded that the punching failure is related to a very pronounced triaxial stress state in the compression zone close to the column face. They also showed that the presence of stirrups improves the ultimate load capacity of overreinforced slabs. However, stirrups are not usually sufficient to change brittle structural failure to a more ductile one. Gonzales-Vidosa et al. j a suggested that to achieve ductile failure, very large quantities of vertical steel would be needed, so that the main reinforcement would yield before the stirrups. Such high amounts of transverse reinforcement, capable of imposing triaxial confinement on the material within the critical region during the ultimate load levels, are impractical. This paper extends previous work concerning the punching behavior, conducted at the Imperial College of Science and Technology. ~4 It explains the effect of vertical prestressing on the punching failure mechanism. Reported results show that at loading stages close to failure, vertical prestressing succeeds in improving the triaxial confinement of the critical region within the compressive force path, and thus results in significantly higher ultimate load and displacement (i.e. ductility) of the slab.
FINITE ELEMENT MODEL
A non-linear fininte element analysis (NLFEA) package, FINEL, developed at the Imperial College of Science and Technology, was used in this investigation. The package consists of a general purpose finite element program, FINEL, 15 a model of triaxial concrete behavior at material level, 16,17 and an NLFEA model describing general behavior of concrete elements under short-term, plane-stress and axisymmetric loading.iS-21 The aim of this paper was a qualitative investigation of the causes of punching failure, while a more detailed description and a general validation of the package can be found elsewhere. 14,18-23 Those publications show a close correlation between the predicted and experimentally determined behavior of wide range of structural elements subjected to plane-stress and axisymmetric loading conditions.
The non-linear iterative procedure is based on the residual-force concept and the modified Newton-Raphson method. The procedure incorporates models describing stress-strain behavior of steel and concrete, and a criterion for the onset and development of cracks in concrete. The cracking criteria is based on the smeared-crack approach.
Concrete model
The mathematical model depicting the ultimate stress surface of the concrete material was determined experimentally.16.17
The following formulae describing the ultimate stress surface were obtained by curve fitting: 16. 
where f'c is uniaxial cylinder strength, and a o and ro are normal and shear octahedral stress, respectively, roe and roc are the values of ro at the ultimate strength level, for 0=0 ° and 0=60 °, respectively, where 0 is angle of rotation in the cylindrical stress coordinate system, and r is defined by the following formulae: Fig. 1 .
Steel model
The mathematical model describing the stress-strain relationship of the reinforcing steel is given in Fig. 2 . The final branch is slightly inclined to avoid numerical instabilities caused by zero stiffness. 
Concrete cracking
Condition for cracking of a concrete element is satisfied when at least one of the principal stresses becomes tensile, i.e. when 03<0, where oj > o 2> o 3 . As a result, a crack forms in the o~-a 2 plane, and concrete suffers a complete loss of load-carrying capacity in the 03 direction. Material behavior beyond this point is modeled by specifying zero stiffness in the 03 direction.
Further material behavior in the 0j-02 plane is modeled following concrete behavior under biaxial stress state. If the condition for cracking is again reached in the same material point, a crack will form in the 01-02 plane. This results in a complete loss of the material load-carrying capacity in the direction orthogonal to the crack plane. Further material behavior is described by the constitutive model for concrete under a uniaxial stress state.
The shear modulus of cracked material is obtained by multiplying the shear modulus of uncracked concrete with a shear retention factor. The shear retention factor describes the force transfer between the adjacent crack faces. The adopted value of the shear retention factor is 0-1.
An eight-node axisymmetric isoparametric element was used for modeling concrete. A threenode axisymmetric element was used to model reinforcing steel. Use of such a steel element results in zero dowel action during the shear failure. The validity of this assumption is proved elsewhere. 24-26 A two by two Gaussian quadrature integration rule was used for the evaluation of stresses, strains and the failure conditions.
CHARACTERISTICS OF INVESTIGATED SPECIMENS
Two circular concrete slabs were analyzed in this investigation: slab A was vertically prestressed around the column face, while slab B was not, as shown in Fig. 3 . Geometry and material characteristics of the slabs were chosen in such a way that they are as close as possible to square slabs tested by Ghali et aL l Information about slabs tested by Ghali et al. are presented in Table 1 . Load-displacement behavior of two slabs tested by Ghali et al. is shown in Fig. 4 . One of the slabs 27 concluded that slabs supported by circular columns usually exhibit higher strengths than slabs supported by square columns. Experimental data reported by Reagan and Braestrup "~ indicate that the strength of slabs supported by circular columns can be up to 40% higher than that of similar slabs supported by square columns of the same (loaded area) perimeter. Thus, load-deformation results reported by Ghali et al. and load-deformation results obtained in this investigation could only be qualitatively compared.
A punching failure of two circular reinforced concrete slabs was investigated by a finite element package. Each slab was supported in its center by a circular column, and was loaded along its circumference, as shown in Fig. 3 . Slab geometries and material characteristics are presented in Table 2 . Both slabs were reinforced with compressive and tensile reinforcement. Tensile reinforcement was represented by a 1.75 mm thick steel layer (i.e. steel 'plate'). Compressive reinforcement was represented by a 1.29 mm thick steel layer. Out of plane stiffness of steel layers was neglected. Slab A was vertically prestressed at the distance equal to half its thickness, h, from the column's face. This distance was selected following results reported by Ghali et al.) which indicated that it is the optimal distance for vertical prestressing. Slab B was not vertically prestressed. Vertical prestressing was assumed to be performed by 12 unbonded bolts, each prestressed with force of 75.3 kN (i.e. the total prestressing force was 903"6 kN). Bolts were assumed to be anchored by infinitely stiff, 7.62 cm (3 in) wide steel plates. Infinite stiffness of plates results in a uniformly distributed prestressing force over the plate surface. Thus, the actual prestressing force in the finite dement model of slab A, was represented by a uniformly distributed force of 2"48 MPa. The width of the uniformly distributed prestressing force was 7.62 cm, and thus the total applied prestressing force is equal to 903.6 kN. The position of the uniformly distributed prestressing force is shown in Fig. 3 . The prestressing force was taken to be constant within the load range exhibited in the tests.
RESULTS AND DISCUSSION

Load-deformation response
Both slabs were loaded in load steps of 31-4 kN (i.e. 5 kN/rad, along the slab's circumference). The last load step prior to the failure of prestressed slab A was 722.4 kN (i.e. the ultimate load was between 722.4 kN and 753.8 kN), as shown in Fig. 4 . The load-point displacement at this load level was 1.9 cm. The last load step prior to the failure of non-prestressed slab B was 565.38 kN (i.e. the ultimate load was between 565.4 kN and 596.8 kN), as shown in Fig. 4 . The load-point displacement at this load level was 0-7 cm. Hence, vertical prestressing increased the ultimate load around 27%. It also changed a brittle structure failure into a more ductile one, increasing the ultimate displacement 2.7 times. Fig. 4 . In both cases, vertical prestressing does not seem to affect slab's behavior up to the load level equal to the load capacity of the non-prestressed slab. Instead it only increases slab's load-carrying capacity and overall ductility. Results obtained in this research indicate that tension steel in prestressed slab A exhibited significant yielding prior to the slab's failure, and thus resulted in a more ductile failure of the slab A.
Due to difference in specimen geometry, results reported by Ghali et al. and results obtained in this research cannot be quantitatively compared, as explained above (see Fig. 3 ). Nevertheless, it should be noted that prestressed slab A reached similar ultimate load as the prestressed slab tested by Ghali et al., as seen in Fig. 4 . On the other hand, non-prestressed slab B exhibited approximately 37% higher ultimate load than the nonprestressed slab tested by Ghali et al. This difference is attributed to different geometry of supporting columns: slabs investigated in this research were supported by circular columns, while slabs tested by Ghali et al. were supported by square columns. Square columns introduce high stress concentrations in the slab regions around column corners, and thus can lead to power load capacity of the slab. On the other hand, the behavior of prestressed slabs, obtained in this research and ones reported by Ghali et al., indicate that vertical prestressing introduces high triaxial compression stress state around column face, and thus eliminates the detrimental effect of column corners. Difference in load capacity between non-prestressed slab B and non-prestressed slab tested by Ghali et al., complies with experimental data reported by Reagan and BraestrupJ ° Reagan and Braestrup indicated that the strength of slabs supported by circular columns can be up to 40% higher than that of similar slabs supported by square columns of the same (loaded area) perimeter. Difference in displacement response of experimentally and analytically obtained data is attributed to difference in slab geometry, where square slabs exhibit more compliant load-displacement behavior than circular slabs.
Distribution of stress and strain
Distribution of stress and strains within the concrete compressive zone at the element Gauss points closest to the surface of each slab, calculated for prestressed and non-prestressed slab during their ultimate load steps, are shown in Figs  5 and 6 , respectively. Note that in both cases the radial compressive stress exceeds uniaxial cylinder compressive strength, f'c, in the region close to the column face. In the case of non-prestressed slab, the region extends from the column face to distance of around d/6 from the column face, where d is the depth between the compressed slab face and tensile reinforcement. In the case of the prestressed slab the distance is three times larger, i.e. d/2. It is also important to note that a triaxial stress state exists in both slabs, in the region close to the column face, as could be seen from the presence of axial stresses, shown in Fig. 5 and d from the column face, for the non-prestressed and prestressed slabs, respectively. Beyond this region the stress state is close to the biaxial stress state. Another interesting feature is the behavior of axial strains (i.e. strains in the Z direction), which remain low through the loading history. At ultimate loading stages, tensile axial strains in the non-prestressed slab increase in magnitude in the region between d/6 and 2d/3 from the column face, as seen in Fig. 6 . This is the region in which horizontal cracking takes place during the last loading stage. Due to the effect of vertical prestressing, axial strains within the prestressed slab, and inside the region of up to 0-9 d from the column face, are lower than in the rest of the slab.
Distribution of strains in the tensile reinforcement is shown in Fig. 7 . Tensile strains are presented as positive. Diagram indicates that tension steel in prestressed slab A exhibited significant yielding prior to the slab's failure.
Ultimate behavior of tested slabs can only be explained if the material behavior within the critical region is analyzed in terms of triaxial stress-state, as explained in the following text. Tests done by Kotsovos 24-26'28 on concrete beams showed that at ultimate load levels concrete behavior out of the critical region can be adequately described by the material behavior in uniaxial compression. However, concrete behavior within the critical region and regions adjacent to it (i.e. concrete subjected to stress levels close but not beyond the ultimate strength), deviates significantly from the behavior under uniaxial compression. Concrete within these regions is under complex triaxial stress state, and thus its behavior cannot be described by uniaxial compression. The complex triaxial stress state is caused by the localized volume dilatation, 26,28 which is observed as the large vertical (i.e. axial) expansion within the critical region of the compressive force path. The localized vertical expansion is restrained by concrete in adjacent regions. At load levels close to the failure, such restraint results in confining pressure of level at least 1 0% of the uniaxial compressive concrete strength, f'o and thus leads to the considerable increase in the strength of concrete within the critical region. Consequently, the concrete expansion within the critical re#on induces tensile stresses in the ad]a-cent regions that are confining the expansion. Thus, the adjacent regions are subjected to a compression-tension stress state, which reduces concrete strength in the longitudinal direction 26,28 and results in the horizontal splitting of the compressive zone, leading to the collapse of the structure. The results reported herein indicate that the concept of material failure mechanism valid in beams, should also be valid for describing slab's punching failure. Fig. 8 . Cracking in the non-prestressed slab B at 283 kN (i.e. ninth load step). t1" ..... Fig. 11 . Cracking in the prestressed slab A at 565"49 kN (i.e. eighteenth load step). This is the last load step prior to the final failure of the non-prestressed slab. Fig. 12 . Cracking in the prestressed slab A at 722.58 kN (i.e. twenty-third load step). This is the last load step prior to the final failure of the prestressed slab.
Crack pattern development
::ii
radial and/or axial stress (i.e. cracks intersecting the r-z plane). The orientation of such lines is in the direction of relevant cracks. These cracks will in the following text be referred to as 'circumferential' cracks. Circles indicate cracks induced by hoop stresses, i.e. cracks in the r-z plane. These cracks will in the following text be referred to as 'radial' cracks. Double lines or double circles indicate cracks that have just occurred during the current loading stage. Symbols are always centered around relevant Gaussian points.
Results show that as the load is applied, cracks start to form and propagate from the upper, tension face towards the lower, compression face, as seen in Figs 8-12 . Radial cracks spread through the top face and divide the tension zone into radial segments. At the ultimate load stage of the non-prestressed slab, radial cracks reach up to two-thirds of the slab's depth, d. At the ultimate load stage of the prestressed slab, radial cracks reach up to 4 d. In both slabs, circumferential cracks extend from the column face to distance of only up to about half the span from the column face. The rate of circumferential cracking appears to be lower than the rate of radial cracking. Such a cracking pattern is in accordance with the existing experimental data. l° A compressive force path is clearly visible in both slabs as the region without circumferential cracks (see . Only radial cracks exist in this region, but they do not prevent transfer of the load to the support (i.e. column). The punching failure of each slab occurs due to the failure of a material element within the compressive force path. The failure is related to horizontal cracking of the critical zone within the compressive force path. It is interesting to note that horizontal cracking does not occur in the region in the immediate vicinity of the column face, even though shear and bending stresses are the highest at this section. Such behavior is related to the high triaxial compressive stress state caused by the presence of the column. Hence, the critical zone is situated 120-7 cm away from the column face, in the region where the triaxial compressive stress state changes into biaxial (i.e. axial stress becomes zero) as seen in Fig. 5 .
CONCLUSIONS
Both slabs exhibit distinctive compressive force path, along which the compressive forces are 'carfled' from the load point to the support. The failure occurs by horizontal cracking of the material within the critical section (i.e. zone) of the compressive force path. Vertical prestressing improves the triaxial stress state within this path and thus 'pushes' the critical region away from the column, towards the middle of the span.
Except for the region within the compressive force path that is affected by the vertical prestressing (i.e. second and third element away from the column face), both slabs investigated in this research exhibit almost the same sequence of cracking for the same load levels, as shown in Figs  8-12 . The load-displacement response of both slabs is the same up to about 450 kN, as seen in Fig. 4 . Such behavior indicates the following.
(1) (2) (3) Vertical prestressing affects the slab's load-displacement response only in the inelastic range. The effect of vertical prestressing is related to material behavior within the compressive force path: the vertical prestressing affects primarily horizontal cracking within the compressive force path, as seen in Figs  8-12 . Hence, the effect of the vertical prestressing is related primarily to change in the stress state of material within the compressive force path. The compressive force path is the main 'source' of the ultimate load-carrying capacity: the vertical prestressing affects primarily the stress state within the compressive force path (i.e. between the neutral axis and the compressed face), as stated above. Thus, slab's load-carrying capacity depends primarily on the stress state between the neutral axis and the compressed face, and not on the stress conditions between the neutral axis and the tension face (i.e. region with circumferential cracks). This means that at ultimate load levels 'bending' and 'shear' forces within the critical cross-section are sustained only by a very small portion of the cross-section; a phenomenon which can be explained by the following mechanism: at ultimate loading stages the depth of the neutral axis is reduced to a very small value, and hence compressive stresses are significantly increased. 25 High compressive stress state results in a considerable dilatation of the critical region (see Fig. 6 ) which is restrained by adjacent regions, and thus leads to an increase in the strength of concrete within the critical region, as explained (4) above. Similar ultimate shear behavior of simple beams, associated only with the material behavior within the compressive force path, has already been reported in the literature.2 ~, 24, 29 Failure occurs due to tension in vertical direction: vertical prestressing introduces compression in the axial (i.e. vertical) direction, and thus increases slab's load capacity. Therefore, the punching failure is associated with the tensile stresses developing in the axial direction, within the compressive force path. This can be also seen from Fig. 10 , where, prior to the failure, horizontal cracking develops within the critical section of the compression zone. This observation is consistent with the triaxial stress 'concept' in which the regions adjacent to the region exhibiting large vertical expansion are subjected to a compression-tension stress state, as explained above. Such stress state within the adjacent (5) regions reduces concrete strength within these (adjacent) regions, and results in the horizontal splitting of the compressive zone, leading to the collapse of the structure. The effect of vertical prestressing is related to a complex triaxial stress state within the critical region: to explain the effect of vertical prestressing, it is essential to observe ultimate material behavior within the compressive zone (i.e. compressive force path) in terms of a triaxial stress state, as explained in the following text.
Material failure occurs when the state of stress 'reaches' the ultimate stress surface. In terms of the cylindrical stress-coordinate system, this means that the actual deviatoric stress component, reaches the ultimate deviatoric stress component, given by eqns (1), (2) , and (6) . Ratios between the actual shear octahedral stress, during the last load step, and the ultimate shear octa- hedral stress, calculated within the concrete compressive zone at the element Gauss points closest to the surface of prestressed and non-prestressed slab, are given in Table 3 and Fig. 13 . Results show that vertical prestressing of the critical region within the compressive force path improves its stress state, and thus, the critical condition for material failure is reached in a section further away from the column face. This observation complies with the experimental observations reported by Ghali et aL 1 Hence, by improving only the local stress state of the critical region, the overall load-carrying capacity of the slab is increased. The effect of vertical prestressing on the slab's failure, as well as slab's failure caused by horizontal splitting within the compressive force path, indicate that the concept of material failure mechanism valid in beams should also be valid for describing slab's punching failure. To confirm this hypothesis it would be necessary to measure distribution of strains along slab's compressive face at ultimate load levels, as was already done for beams. 26, 28 
